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Fig.  1. Diffuse reflection p h o t o g r a p h  of vanad ium.  On the  le f t -hand side is a s t rong Laue  spot .  To the  r ight  of this is the  diffuso 
110 reflection. A b o v e  and  to  the  r ight  is a small  spo t  due  to an ex t r a  s t ruc tu ra l  diffuse reflection,  
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Fig. 2. Microdens i tometer  con tour  d iagram.  The figures are scale divisions on the  recorder  char t .  The d o t t e d  l ines  indicate  ex- 
t r a p o l a t e d  backg round  dens i ty  su r rounding  the  Laue  spot .  
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:Fig. I. Diffuse reflection photograph of vanadium.  On the left-hand side is a strong Laue spot.  To the right of this is the diffuse 
1 l0  reflection. Above  and to the right is a small  spot  due to an extra structural diffuse reflection. 

I0 

E 
~E 

5 

I ( v ~  l 

z \  

.-<_-~_~~-~- 
L ×,o, ~ ~ y  

o C'-"~35 ~ "  
0 5 m m .  Io 

.2 
J /  

/ 

>)i)/):, j~o 

/ 7f',' ~. / 
/ 

/ , 
/ 

15 

Fig. 2. Microdensitometer contour  diagram. The figures are scale divis ions on the recorder chart. The dot ted  lines indicate ex- 
trapolated background densi ty  surrounding the Laue spot.  
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Table 1. Data on the diffuse reflection from vanadium 
I n t e n s i t y  

^ 

Back- K* Skew Diverg. 
P e a k  ground Diff. K~' = 5"35 cm. ( K ~ / K * )  ~ corr. corr. D 1 

51 37.5 13.5 10.30 0"29 1.163 1.00 54 
52 40.2 11.8 8.99 0.38 1.126 1.00 35 
48 42-2 5"8 9"00 0-38 1"085 1.00 16.5 
51 38.8 12.2 7.12 0"61 1.163 1-00 23-5 
58 41 17 6.68 0"69 1"126 0"98 27 

important  point in Fig. 2 is the foot of the perpendic- 
ular, N, from the relp (Ramachandran & Wooster, 
1951) on to the film. There are several ways in which 
this may  be found. The value of (i-O) determines the 
distance of N from the centre of the Laue spot. The 
angle ( i -0 )  was determined by a photograph in which 
the Laue and Bragg spots were recorded as small well 
defined spots. The corresponding value of the ratio, s, 
of the distance P N  to the radius of the reflecting 
sphere, is 0.0352. On Fig. 2 the Bragg spot is repre- 
sented by P '  and the Laue spot by L. A second method 
of fixing the position of h T was afforded by the extra 
reflections. A careful study had been made of the 
q-values corresponding to these reflections and the 
angle corresponding to the extra line just to the right 
of the diffuse spot in Fig. 1 was known. From this 
also the positions of the Bragg reflection P' ,  the Laue 
spot L, and N could be found. A third check was 
provided by the Kossel lines present on the film. 
These are due to the V Kc~ radiation generated on the 
crystal and their intersections fix certain directions 
relative to the crystallographic axes. 
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Fig. 3. DiagTam showing geometr ical  const ruct ion by  which 
the  Q-, v-values  of rekhas are t ransfer red  to Fig. 2. 

A graphical method was used for determining the 
points of emergence of the rekhas (Ramachandran & 
Wooster, 1951) indicated in Fig. 2. The diagram used 
for this interpretation is shown in Fig. 3. The Q-, q- 
values (H0erni & Wooster, 1952) were calculated 
from the known orientation of the crystal and by 
means of Fig. 3 these angles were converted into 
rectangular coordinates in the microdensitometer dia- 
gram. 

The data read off from Figs. 2 and 3 are given in 
Table 1. The intensity is given in arbitrary units. 
The radius of the reflecting sphere was made 157.8 era. 
so that  the microdensitometer diagram was on the 
same scale as the reflecting sphere. Using this magnifi- 
cation 1 mm. on the film corresponds to 27.2 ram. on 
the microdensitometer diagram. The millimetre divi- 

sions on the film are shown in Fig. 2. The skew correc- 
tion (l~amachandran & Wooster, 1951) is determined 
simply by the angles i and q read off from Fig. 2. 
The divergence correction was found by superposing 
on the point in Fig. 2, corresponding to a given rekha, 
a grid of nine contiguous equal rectangles, the total 
area of the grid being the same as that  of the Bragg 
spot, when exposed to the same density as the diffuse 
spot. The intensity at the centre of each of these nine 
areas was read off and the average found. Generally 
this was the same as the intensity at the point at the 
centre of the network. ~Vhere there was a difference 
the ratio was taken as the divergence correction. In  
view of the other inevitable inaccuracies and the small- 
ness of the correction, the second-order diffuse re- 
flection was not subtracted from the observed diffuse 
reflection. 

Interpretation 

Vanadium has three independent elastic constants 
c11, c12, and c44, and from our experimental results we 
can obtain two ratios, namely, c12/c1~, c44/clj which will 
be denoted Z~2 and Z44. Though in principle the 
X-values can be directly derived from the rekhas with 
simplest indices, in this investigation it was found 
better to use all the rekhas and a least-squares proce- 
dure. This procedure was as follows. Particular values 
for Z~ and Z44 are assumed and the usual formulae 
(Ramachandran & Wooster, 1951) are applied to 
calculate the cnK[ABC]h~z values, which are propor- 
tional to the experimentally determined D~ values. 
The five ratios of IOc1~K[ABC]h~z/D 1 are calculated 
and the relative standard deviation of these ratios 
from their mean found. This relative standard devia- 
tion is taken as an index of the correctness of the 
choice of values of ;62 and ; ~ .  Ideally it should be 
zero, when a correct choice had been made. In fact, 
it only approaches zero in the manner shown in Fig. 4. 
The axis of the ordinates is X~2 and that  of abscissae 
is ~/44. I t  will be seen that  the contours of the minimum 
values for the relative standard deviation of all five 
ratios cover a narrow area centred about the point 

Z12 = 0"68, Z44 = 0"35. (1) 

Polycrystalline elastic constants 

The elastic constants of the polycrysta.lline material 
can be calculated from the elastic constants of the 
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single crysta l ,  and  these  fo rmulae  p rov ide  a check on 
the  values  d e t e r m i n e d  above.  Two approaches  to  the  
p rob lem h a v e  been  m a d e  b y  Voigt  (1910) and  Reuss  
(1929) respect ively .  Using superscr ip ts  to  d is t inguish  
t h e  fo rmulae  of these  au thors ,  t he  po lyc rys ta l l ine  
Young ' s  modulus  and  r ig id i ty  modulus  m a y  be wr i t t en  
in t e rms  of t he  elastic cons tan t s  or modul i ,  

EV- -_  
( c n - c ~ + 3 c a 4 ) ( c u + 2 c ~ 2 )  

2c~ ~ + 3c~ ~ + c4~ 

G ~" = c ~ - c ~ + 3 c ~ 4  (2) 
5 

5 5 
E R = , G R = . (3) 

351 z + 2819. + 844 4511 - 4512 + 3844 

I n  t e rms  of the  elastic ra t ios  and  the  cubic com- 
press ib i l i ty  fl, these  expressions m a y  be rewr i t t en"  

E v = 3 ( 1 - Z ~ + 3 Z 4 4 )  G v = 3 (1 -Z~2+3Z44) ,  (4) 
f l ( 2 + 3 Z ~ + Z 4 4 )  ' 5fl(1 +2Z~)  

E R = 15Z4~(1-Z12) 

G R = 15Z4~(1-Z~) (5) 
fl(3 +3Z~ . +4X~ 4 + 8Z~ ~;~4~- 6 Z~-) " 

Tab le  2 shows the  values  of fl g iven  by  B r i d g m a n  
(1927, 1952) and  the  values ex t r apo l a t ed  by  the  presen t  
au tho r s  to  200 °C. 

Table  2. V a l u e s  o f  the c o m p r e s s i b i l i t y  fl 

30 °C. 75 °C. 200 °C. 
(cm.S/kg.) (cm.S/kg.) (cm.~/dyne) 

1927 6.09× 10 -7 6.12 × 10 -:  
1952 6.19 6.22 

Extrapolated 6.43 × 10 -la 

Hill  (1952) has  shown t h a t  t he  Voigt  and  Reuss  
expressions give resul ts  which diverge from the  t rue  
values  in opposi te  senses. Fo r  a series of combina t ions  
of Z12, Z44 the  cor responding  values  of E v, G v, E R 
a n d  G R have  been calculated.  These ca lcula ted  values  
are compared  wi th  the  expe r imen ta l l y  measured  values  
which  are as follows (in uni t s  of 10 ~1 dyne/cm.2) :  

E = 12.4-13.1 (Hample ,  1954); 12.7 (Lacy & Beck,  
1956); 13.6 (Rostoker ,  Y a m a m o t o  & Riley,  
1956); 13.7 (Graft ,  1956). 

G = 4.64 (Lacy & Beck,  1956). (6) 

The  d o t t e d  lines in Fig. 4 show the  values of the  
elast ic  ra t ios  for which  the  fo rmulae  (4) and  (5) give 
po lyc rys t a l l i ne  cons tan t s  which  are in the  range  of the  
e x p e r i m e n t a l l y  de t e rmined  values  g iven  above.  As 
Z~, Z44 are changed  to  cor respond to  a po in t  a t  the  
cen t re  of t he  a rea  be tween  the  d o t t e d  lines, t he  va lues  
ca lcu la ted  for E V, G v and  E R, G n respec t ive ly  diverge  
f rom the  observed  values  in opposi te  direct ions.  The  
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Fig. 4. The two full-line contours correspond to points in 
which the relative standard deviation of the five 
lOcnK[ABC]hkl /D 1 ratios from their mean is 4.5 % and 5 % 
respectively. The dotted lines show the values of the elastic 
ratios for which the formulae (4) and (5) give polyerystalline 
elastic constants in the range of the experimentally deter- 
mined E and G. (6). 

t rue  values  of Z1 ~ and  Za4 mus t  therefore  lie in  the  a rea  
bounded  by  the  two na r row strips. 

Combin ing  this  evidence  wi th  the  con tours  for  the  
re la t ive  s t a n d a r d  dev i a t i on  of our  f ive ra t ios  we come 
to  the  conclusion t h a t  Z12 and  Z~4 m u s t  lie in  the  range  

Z~2 = 0-70±0.02,  Z44 = 0 . 3 3 ± 0 . 0 2 .  (7) 

These values  are in fair  ag reemen t  wi th  those  de r ived  
f rom the  t h e r m a l  diffuse sca t te r ing  measu remen t s  
alone. We  t ake  as the  t rue  values  of the  elast ic  ra t ios  
the  a r i t hme t i c  means  of (1) and  (7), which  gives 

Z~e = 0 .69±0.02,  Z44 = 0 -34±0 .02 .  (8) 

N o t e . - - B y  combining the polycrystalline data with the 
thermal diffuse scattering measurements we ignored the fact 
that the polycrystalline elastic constants have been measured 
at room temperature, while our thermal diffuse scattering 
measurements refer to 200 °C. Nevertheless the temperature 
dependence of the polycrystalline elastic constants of metals 
suggests that the error arising in this way lies within the limits 
of accuracy of our measurements and thus it does not alter 
our results. 

A b s o l u t e  v a l u e s  of  t h e  e l a s t i c  c o n s t a n t s  

The  cubic compress ib i l i ty  is r e la ted  to  the  elast ic  
cons tan t s  by  the  re la t ion ,  

fl = 3/{c11(1 +2Z12)} • 

As our  measu remen t s  were m a d e  a t  200 °C. the  va lue  
of fl due  to B r i d g m a n  (1927, 1952) was e x t r a p o l a t e d  
to  th is  t e m p e r a t u r e  and  the  va lue  used was 6.43 × l0  -13 
cm.2/dyne. F r o m  the  va lue  for Z12, n a m e l y  0.69, t he  
va lue  of c1~ was de te rmined .  F ina l l y  f rom the  elastic 
ra t ios  the  o the r  two elast ic cons tan t s  were d e t e r m i n e d  
giving the  f inal  values  

c n = 19.6±0.3,  c12 = 13.5+0.2,  c44 -- 6 . 7+0 .5×  10 n 
dyne /cm.  2. 
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An Optical Method for Producing Structure-Factor Graphs 
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Structure-factor graphs (Bragg & Lipson, 1936) may be very informative at certain stages of a 
structure determination but the labour involved in their preparation is sometimes considered to be 
too great for profitable use. A simple extension of optical transform theory shows that they can be 
prepared easily and with sufficient accuracy for most purposes by the methods available for prepar- 
ing optical transforms. Some examples are given, together with calculated graphs for comparison. 

Introduction 

In the course of a study of the projection on the basal 
plane of a hexagonal inorganic crystal optical-trans- 
form methods were tried but were found to be of 
limited use. The projection under consideration has 
the probable two-dimensional space group p6m and 
hence general positions of twelve-fold multiplicity. 
I t  is therefore difficult to consider first the transform 
of a single asymmetric unit and later the combined 
transform of all the related asymmetric units as sug- 
gested by Hanson, Lipson & Taylor (1953). The trans- 
form is, in fact, more obviously affected by the pat- 
terns produced by the symmetrical repetition of each 
atom than by the arrangement of the atoms within 
the asymmetric unit. This suggests that it may be 
better to consider the problem atom by atom rather 
than in terms of the whole asymmetric unit. Since 
the number of independent observable reflexions is 
small (nine for this structure) it seemed likely that 
structure-factor graphs (Bragg & Lipson, 1936)would 
provide a useful method of approach and attention 
was turned to the possibility of reducing labour by 
preparing them optically. The technique proves to be 
quite simple for this two-dimensional space group and 

is applicable to all the other 16 groups, although for 
some it is a little more troublesome. 

Use of s tructure-factor  graphs  

Structure-factor graphs are contoured maps showing 
the combined contribution of an atom and its sym- 
metry-related counterparts to a particular reflexion as 
a function of the position of the atom in the unit cell. 
They are probably most useful in semi-quantitative 
work in the earlier stages of structure determinations 
and can give rapid indications of the general plau- 
sibility of an atomic arrangement in terms of the 
agreement with selected reflexions. At a later stage 
the direction of probable atomic movements may be 
deduced and a useful feature is the possibility of 
assessing the 'sensitivity' of various atomic positions; 
where the slope of the structure-factor graph is steep, 
small movements make significant changes in the total 
structure amplitude but atoms lying on plateau-like 
regions may be moved a considerable distance without 
affecting that particular reflexion. Since structure- 
factor graphs are rarely used when accurate quantita- 
tive measurements are needed it seems probable that 


